1. Introduction {#s0005}
===============

Let $\mathbb{C}$ be the complex plane, $\mathbb{D} = \{ z \in \mathbb{C}:|z| < 1\}$ the open unit disk and $H(\mathbb{D})$ the class of all analytic functions on $\mathbb{D}$. Let $\varphi$ be an analytic self-map of $\mathbb{D}$ and $\psi \in H(\mathbb{D})$. Weighted composition operator $W_{\varphi\text{,}\psi}$ on $H(\mathbb{D})$ is defined by$$W_{\varphi\text{,}\psi}f(z) = \psi(z)f(\varphi(z))\text{,}\quad z \in \mathbb{D}\text{.}$$

If $\psi \equiv 1$, the operator is reduced to, so called, composition operator and usually denoted by $C_{\varphi}$. If $\varphi(z) = z$, it is reduced to, so called, multiplication operator and usually denoted by $M_{\psi}$. A standard problem is to provide function theoretic characterizations when $\varphi$ and $\psi$ induce a bounded or compact weighted composition operator. Weighted composition operators between various spaces of holomorphic functions on different domains have been studied in many papers, see, for example, [@b0005; @b0010; @b0035; @b0045; @b0050; @b0055; @b0060; @b0065; @b0075; @b0085; @b0125; @b0140; @b0155; @b0160; @b0195; @b0220; @b0245; @b0255; @b0275] and the references therein.

Let *D* be the differentiation operator on $H(\mathbb{D})$, that is,$$\mathit{Df}(z) = f^{\prime}(z)\text{,}\quad z \in \mathbb{D}\text{.}$$

Operator $\mathit{DC}_{\varphi}$ has been studied, for example, in [@b0025; @b0070; @b0080; @b0110; @b0115; @b0130; @b0190; @b0210; @b0230]. In [@b0145] Sharma studied the following two operators from Bergman spaces to Bloch type spaces:$$\mathit{DM}_{\psi}C_{\varphi}f(z) = \psi^{\prime}(z)f(\varphi(z)) + \psi(z)\varphi^{\prime}(z)f^{\prime}(\varphi(z))$$and$$\mathit{DC}_{\varphi}M_{\psi}f(z) = \varphi^{\prime}(z)\psi^{\prime}(\varphi(z))f(\varphi(z)) + \psi(\varphi(z))\varphi^{\prime}(z)f^{\prime}(\varphi(z))$$for $z \in \mathbb{D}$ and $f \in H(\mathbb{D})$. In [@b0265; @b0270] these operators on weighted Bergman spaces were also studied by Stević, Sharma and Bhat. If we consider the product-type operator $\mathit{DW}_{\varphi\text{,}\psi}$, it is clear that $\mathit{DM}_{\psi}C_{\varphi} = \mathit{DW}_{\varphi\text{,}\psi}$ and $\mathit{DC}_{\varphi}M_{\psi} = \mathit{DW}_{\varphi\text{,}\psi \circ \varphi}$. Quite recently, the present author has considered the product-type operator $\mathit{DW}_{\varphi\text{,}\psi}$ from weighted Bergman space to weighted Zygmund space in [@b0030]. For some other product-type operators, see, for example, [@b0040; @b0090; @b0095; @b0100; @b0105; @b0170; @b0175; @b0180; @b0200; @b0205; @b0215; @b0225; @b0235; @b0240; @b0250; @b0260; @b0280] and the references therein. This paper is devoted to characterizing the boundedness and compactness of operator $\mathit{DW}_{\varphi\text{,}\psi}$ from the weighted Bergman--Orlicz space to the Bers type space, weighted Bloch space and weighted Zygmund space. It can be regarded as a continuation of our work.

Next we are ready to introduce the needed spaces and some facts in [@b0135]. The function $\Phi\ ≢\ 0$ is called a growth function, if it is a continuous and nondecreasing function from the interval $\lbrack 0\text{,}\infty)$ onto itself. It is clear that these conditions imply that $\Phi(0) = 0$. It is said that the function $\Phi$ is of positive upper type (respectively, negative upper type), if there are $q > 0$ (respectively, $q < 0$) and $C > 0$ such that $\Phi(\mathit{st}) \leqslant \mathit{Ct}^{q}\Phi(s)$ for every $s > 0$ and $t \geqslant 1$. By $\mathfrak{U}^{q}$ we denote the family of all growth functions $\Phi$ of positive upper type *q* ($q \geqslant 1$), such that the function $\left. t\ \mapsto\ \Phi(t)/t \right.$ is nondecreasing on $\lbrack 0\text{,}\infty)$. It is said that function $\Phi$ is of positive lower type (respectively, negative upper type), if there are $r > 0$ (respectively, $r < 0$) and $C > 0$ such that $\Phi(\mathit{st}) \leqslant \mathit{Ct}^{r}\Phi(s)$ for every $s > 0$ and $0 < t\leq 1$. By $\mathfrak{L}_{r}$ we denote the family of all growth functions $\Phi$ of positive lower type *r* ($0 < r\leq 1$), such that the function $\left. t\ \mapsto\ \Phi(t)/t \right.$ is nonincreasing on $\lbrack 0\text{,}\infty)$. If $f \in \mathfrak{U}^{q}$, we will also assume that it is convex.

Let $\mathit{dA}(z) = \frac{1}{\pi}\mathit{dxdy}$ be the normalized Lebesgue measure on $\mathbb{D}$. For $\alpha > - 1$, let $\mathit{dA}_{\alpha}(z) = (\alpha + 1){(1 - |z|^{2})}^{\alpha}\mathit{dA}(z)$ be the weighted Lebesgue measure on $\mathbb{D}$. Let $\Phi$ be a growth function. The weighted Bergman--Orlicz space $A_{\alpha}^{\Phi}(\mathbb{D}) ≔ A_{\alpha}^{\Phi}$ is the space of all $f \in H(\mathbb{D})$ such that$$\| f\|_{A_{\alpha}^{\Phi}} = \int_{\mathbb{D}}\Phi(|f(z)|)\mathit{dA}_{\alpha}(z) < \infty\text{.}$$

On $A_{\alpha}^{\Phi}$ is defined the following quasi-norm$$\| f\|_{A_{\alpha}^{\Phi}}^{\mathit{lux}} = \inf\left\{ {\lambda > 0:\int_{\mathbb{D}}\Phi\left( \frac{|f(z)|}{\lambda} \right)\mathit{dA}_{\alpha}(z)\leq 1} \right\}\text{.}$$

If $\Phi \in \mathfrak{U}^{q}$ or $\Phi \in \mathfrak{L}_{r}$, then the quasi-norm on $A_{\alpha}^{\Phi}$ is finite and called the Luxembourg norm. The classical weighted Bergman space $A_{\alpha}^{p}\text{,}\mspace{6mu} p > 0$, corresponds to $\Phi(t) = t^{p}$, consisting of all $f \in H(\mathbb{D})$ such that$$\| f\|_{A_{\alpha}^{p}}^{p} = \int_{\mathbb{D}}|f(z)|^{p}\mathit{dA}_{\alpha}(z) < \infty\text{.}$$

It is well known that for $p \geqslant 1$ it is a Banach space, while for $0 < p < 1$ it is a translation-invariant metric space with $d(f\text{,}g) = \| f - g\|_{A_{\alpha}^{p}}^{p}$. Moreover, if $\Phi \in \mathfrak{U}^{s}$, then $A_{\alpha}^{\Phi_{p}}$, where $\Phi_{p}(t) = \Phi(t^{p})$, is a subspace of $A_{\alpha}^{p}$ [@b0135]. This fact will be used later.

For $\beta > 0$, the Bers type space $\mathcal{A}_{\beta}$ consists of all $f \in H(\mathbb{D})$ such that$$\sup\limits_{z \in \mathbb{D}}\mspace{6mu}\left( {1 - |z|^{2}} \right)^{\beta}|f(z)| < \infty\text{.}$$

This space is a non-separable Banach space with the norm$$\| f\|_{\mathcal{A}_{\beta}} = \sup\limits_{z \in \mathbb{D}}\mspace{6mu}{(1 - |z|^{2})}^{\beta}|f(z)|\text{.}$$

The closure of the set of polynomials in $\mathcal{A}_{\beta}$ is denoted by $\mathcal{A}_{\beta\text{,}0}$, which is a separable Banach space and consists exactly of those functions *f* in $\mathcal{A}_{\beta}$ such that$$\lim\limits_{|z|\rightarrow 1^{-}}\mspace{6mu}{(1 - |z|^{2})}^{\beta}|f(z)| = 0\text{.}$$

For $\beta > 0$, the weighted Bloch space consists of all $f \in H(\mathbb{D})$ such that$$\sup\limits_{z \in \mathbb{D}}\mspace{6mu}{(1 - |z|^{2})}^{\beta}|f^{\prime}(z)| < \infty\text{.}$$

With the usual norm$$\| f\|_{\mathcal{B}_{\beta}} = |f(0)| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|f^{\prime}(z)|\text{,}$$it is a Banach space. The closure of the set of polynomials in $\mathcal{B}_{\beta}$ is called the little weighted Bloch space and denoted by $\mathcal{B}_{\beta\text{,}0}$.

For $\beta > 0$, the weighted Zygmund space $\mathcal{Z}_{\beta}$ consists of all $f \in H(\mathbb{D})$ such that$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|f^{''}(z)| < \infty\text{.}$$

It is a Banach space with the norm$$\| f\|_{\mathcal{Z}_{\beta}} = |f(0)| + |f^{\prime}(0)| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|f^{''}(z)|\text{.}$$

When $\beta = 1$, this space is well known the Zygmund space and denoted by $\mathcal{Z}$. From Zygmund's theorem (see Theorem 5.3 in [@b0020]), we know that $f \in \mathcal{Z}$ if and only if *f* is continuous on $\overline{\mathbb{D}}$ and$$\frac{\left| {f(e^{i(\theta + h)}) + f(e^{i(\theta - h)}) - 2f(e^{i\theta})} \right|}{h} < \infty\text{.}$$

The little weighted Zygmund space $\mathcal{Z}_{\beta\text{,}0}$, consists of those functions $f \in \mathcal{Z}_{\beta}$ such that$$\lim\limits_{|z|\rightarrow 1^{-}}{(1 - |z|^{2})}^{\beta}|f^{''}(z)| = 0\text{.}$$

For a good source of the above three spaces, we refer to [@b0285]. For such spaces on the unit disk, the upper half plane, the unit polydisk, the unit ball and some concrete operators on them also see, e.g. [@b0065; @b0120; @b0150; @b0165; @b0185] and the references therein.

Let *X* and *Y* be topological vector spaces whose topologies are given by translation invariant metrics $d_{X}$ and $d_{Y}$, respectively. It is said that a linear operator $\left. L:X\rightarrow Y \right.$ is metrically bounded if there exists a positive constant *K* such that$$d_{Y}(\mathit{Lf}\text{,}0) \leqslant \mathit{Kd}_{X}(f\text{,}0)$$for all $f \in X$. When *X* and *Y* are Banach spaces, the metrical boundedness coincides with the usual definition of bounded operators between Banach spaces. Operator $\left. L:X\rightarrow Y \right.$ is said to be metrically compact if it maps bounded sets into relatively compact sets. When *X* and *Y* are Banach spaces, the metrical compactness coincides with the usual definition of compact operators between Banach spaces. Let $X = A_{\alpha}^{\Phi}$ and *Y* a Banach space. The norm of operator $\left. L:X\rightarrow Y \right.$ is defined by$$\| L\|_{A_{\alpha}^{\Phi}\rightarrow Y} = \sup\limits_{\| f\|_{A_{\alpha}^{\Phi}} \leqslant 1}\|\mathit{Lf}\|_{Y}$$and often written by $\| L\|$.

Throughout this paper, an operator is bounded (respectively, compact), if it is metrically bounded (respectively, metrically compact). *C* will be a constant not necessary the same at each occurrence. The notation $a\lesssim b$ means that $a \leqslant \mathit{Cb}$ for some positive constant *C*. When $a\lesssim b$ and $b\lesssim a$, we write $a \simeq b$.

2. Auxiliary results {#s0010}
====================

Our first lemma characterizes the compactness in terms of sequential convergence. Since the proof is standard, it is omitted (see, Proposition 3.11 in [@b0015]).Lemma 2.1*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Let* $Y \in \left\{ {\mathcal{A}_{\beta}\text{,}\mspace{6mu}\mathcal{B}_{\beta}\text{,}\mspace{6mu}\mathcal{Z}_{\beta}} \right\}$*. Then the bounded operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow Y \right.$ *is compact if and only if for every bounded sequence* ${\{ f_{n}\}}_{n \in \mathbb{N}}$ *in* $A_{\alpha}^{\Phi_{p}}$ *such that* $\left. f_{n}\rightarrow 0 \right.$ *uniformly on every compact subset of* $\mathbb{D}$ *as* $\left. n\rightarrow\infty \right.$*, it follows that*$$\lim\limits_{n\rightarrow\infty}\ \|\mathit{DW}_{\varphi\text{,}\psi}f_{n}\|_{Y} = 0\text{.}$$

Now we formulate the following two useful point estimates. For the first, see [Lemma 2.4](#n0075){ref-type="statement"} in [@b0135].Lemma 2.2*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$ *and* $\Phi \in \mathfrak{U}^{s}$*. Then for every* $f \in A_{\alpha}^{\Phi_{p}}$ *and* $z \in \mathbb{D}$ *we have*$$|f(z)| \leqslant \Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |z|^{2}} \right)^{\alpha + 2} \right)\| f\|_{A_{\alpha}^{\Phi_{p}}}^{\mathit{lux}}\text{.}$$Lemma 2.3*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\Phi \in \mathfrak{U}^{s}$ *and* $n \in \mathbb{N}$*. Then there are two positive constants* $C_{n} = C(\alpha\text{,}p\text{,}n)$ *and* $D_{n} = D(\alpha\text{,}p\text{,}n)$ *independent of* $f \in A_{\alpha}^{\Phi_{p}}$ *and* $z \in \mathbb{D}$ *such that*$$|f^{(n)}(z)| \leqslant \frac{C_{n}}{{(1 - |z|^{2})}^{n}}\Phi_{p}^{- 1}\left( \frac{D_{n}}{{(1 - |z|^{2})}^{\alpha + 2}} \right)\| f\|_{A_{\alpha}^{\Phi_{p}}}^{\mathit{lux}}\text{.}$$ProofSince $A_{\alpha}^{\Phi_{p}}$ is a subspace of $A_{\alpha}^{p}$, by the integral representation for functions in $A_{\alpha}^{p}$, we have that for every $f \in A_{\alpha}^{\Phi_{p}}$ and $z \in \mathbb{D}$ (see, e.g. Theorem 2.2 in [@b0285])$$f(z) = \int_{\mathbb{D}}\frac{f(w)}{{(1 - \overline{w}z)}^{\alpha + 2}}\mathit{dA}_{\alpha}(w)\text{.}$$Differentiating [(1)](#e0005){ref-type="disp-formula"} under the integral sign *n* times yields$$f^{(n)}(z) = c_{n\text{,}\alpha}\int_{\mathbb{D}}\frac{{\overline{w}}^{n}f(w)}{{(1 - \overline{w}z)}^{\alpha + n + 2}}\mathit{dA}_{\alpha}(w)\text{.}$$Then$$|f^{(n)}(z)| \leqslant c_{n\text{,}\alpha}\int_{\mathbb{D}}\frac{|f(w)|}{|1 - \overline{w}z|^{n + \alpha + 2}}\mathit{dA}_{\alpha}(w)\text{.}$$By the fact (see, e.g. Theorem 1.12 in [@b0285]) that$$\frac{1}{{(1 - |z|^{2})}^{n}} \simeq \int_{\mathbb{D}}\frac{{(1 - |w|^{2})}^{\alpha}}{|1 - \overline{w}z|^{\alpha + n + 2}}\mathit{dA}(w)\text{,}$$there is a positive constant $c_{1}$ such that$$c_{1}\frac{{(1 - |z|^{2})}^{n}}{|1 - \overline{w}z|^{\alpha + n + 2}}\mathit{dA}_{\alpha}(w)$$is a probability measure. From [(3)](#e0015){ref-type="disp-formula"} and applying Jensen's inequality in [(2)](#e0010){ref-type="disp-formula"}, we obtain$${(1 - |z|^{2})}^{\mathit{np}}|f^{(n)}(z)|^{p} \leqslant c_{2}{(1 - |z|^{2})}^{n}\int_{\mathbb{D}}\frac{|f(w)|^{p}}{|1 - \overline{w}z|^{\alpha + n + 2}}\mathit{dA}_{\alpha}(w)\text{.}$$From this, we have$$c_{1}c_{2}^{- 1}{(1 - |z|^{2})}^{\mathit{np}}|f^{(n)}(z)|^{p} \leqslant c_{1}\int_{\mathbb{D}}|f(w)|^{p}\frac{{(1 - |z|^{2})}^{n}}{|1 - \overline{w}z|^{\alpha + n + 2}}\mathit{dA}_{\alpha}(w)\text{.}$$Therefore, from [(6)](#e0030){ref-type="disp-formula"}, the monotonicity and convexity of function $\Phi$, we get$$\Phi\left( \frac{c_{1}c_{2}^{- 1}{(1 - |z|^{2})}^{\mathit{np}}|f^{(n)}(z)|^{p}}{{(\| f\|_{A_{\alpha}^{\Phi}}^{\mathit{lux}})}^{p}} \right) \leqslant c_{1}\int_{\mathbb{D}}\Phi_{p}\left( \frac{|f(w)|}{\| f\|_{A_{\alpha}^{\Phi}}^{\mathit{lux}}} \right)\frac{{(1 - |z|^{2})}^{n}}{|1 - \overline{w}z|^{\alpha + n + 2}}\mathit{dA}_{\alpha}(w)\leq 2^{n}c_{1}\left( \frac{2}{1 - |z|^{2}} \right)^{\alpha + 2}\int_{\mathbb{D}}\Phi_{p}\left( \frac{|f(w)|}{\| f\|_{A_{\alpha}^{\Phi}}^{\mathit{lux}}} \right)\mathit{dA}_{\alpha}(w) \leqslant \frac{D_{n}}{{(1 - |z|^{2})}^{\alpha + 2}}\text{,}$$where $D_{n} = c_{1}2^{n + \alpha + 2}$. From [(7)](#e0035){ref-type="disp-formula"}, we obtain$$|f^{(n)}(z)| \leqslant \frac{C_{n}}{{(1 - |z|^{2})}^{n}}\Phi_{p}^{- 1}\left( \frac{D_{n}}{{(1 - |z|^{2})}^{\alpha + 2}} \right)\| f\|_{A_{\alpha}^{\Phi_{p}}}^{\mathit{lux}}\text{,}$$where $C_{n} = c_{1}^{- \frac{1}{p}}c_{2}^{\frac{1}{p}}$. The proof is finished.  □

The following lemma provides a class of useful functions in space $A_{\alpha}^{\Phi_{p}}$, which are sometimes called the test functions.Lemma 2.4*Let* $p > 0\text{,}\mspace{6mu}\alpha > - 1$ *and* $\Phi \in \mathfrak{U}^{s}$*. Then for every* $t \geqslant 0$ *and* $w \in \mathbb{D}$ *the following function is in* $A_{\alpha}^{\Phi_{p}}$$$f_{w\text{,}t}(z) = \Phi_{p}^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)\left( \frac{1 - |w|^{2}}{1 - \overline{w}z} \right)^{\frac{2(\alpha + 2)}{p} + t}\text{,}$$*where C is an arbitrary positive constant. Moreover,*$$\sup\limits_{w \in \mathbb{D}}\ \| f_{w\text{,}t}\|_{A_{\alpha}^{\Phi_{p}}}^{\mathit{lux}}\lesssim 1\text{.}$$ProofLet$$g(z) = \left( \frac{1 - |w|^{2}}{1 - \overline{w}z} \right)^{\frac{2(\alpha + 2)}{p} + t}\text{.}$$Since $\Phi_{p}^{- 1}(t) = {(\Phi^{- 1}(t))}^{1/p}$, we have$$\int_{\mathbb{D}}\Phi(|f_{w\text{,}t}(z)|^{p})\mathit{dA}_{\alpha}(z) = \int_{\mathbb{D}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)|g(z)|^{p}} \right)\mathit{dA}_{\alpha}(z) = I + J\text{,}$$where$$I = \int_{\{ z \in \mathbb{D}:|g(z)|\leq 1\}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)|g(z)|^{p}} \right)\mathit{dA}_{\alpha}(z)$$and$$J = \int_{\{ z \in \mathbb{D}:|g(z)| > 1\}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)|g(z)|^{p}} \right)\mathit{dA}_{\alpha}(z)\text{.}$$Since $\Phi(t)/t$ is nondecreasing on $\lbrack 0\text{,}\infty)$, when $|g(z)|\leq 1$, it follows that$$\frac{\Phi(t|g(z)|)}{t|g(z)|} \leqslant \frac{\Phi(t)}{t}\text{,}$$which gives$$I = \int_{\{ z \in \mathbb{D}:|g(z)|\leq 1\}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)|g(z)|^{p}} \right)\mathit{dA}_{\alpha}(z) \leqslant \int_{\{ z \in \mathbb{D}:|g(z)|\leq 1\}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)} \right)|g(z)|^{p}\mathit{dA}_{\alpha}(z) \leqslant C^{\alpha + 2}\int_{\mathbb{D}}\frac{{(1 - |w|^{2})}^{\alpha + \mathit{pt} + 2}}{|1 - \overline{w}z|^{2(\alpha + 2) + \mathit{pt}}}\mathit{dA}_{\alpha}(z)\lesssim 1\text{,}$$where we use Theorem 1.12 in [@b0285]. Using the definition of positive upper type and the fact $s \geqslant 1$, we obtain$$J = \int_{\{{z \in \mathbb{D}:|g(z)| > 1}\}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)|g(z)|^{p}} \right)\mathit{dA}_{\alpha}(z)\lesssim\int_{\{ z \in \mathbb{D}:|g(z)| > 1\}}\Phi\left( {\Phi^{- 1}\left( \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2} \right)} \right)|g(z)|^{\mathit{ps}}\mathit{dA}_{\alpha}(z) \leqslant \left( \frac{C}{1 - |w|^{2}} \right)^{\alpha + 2}\int_{\mathbb{D}}\frac{{(1 - |w|^{2})}^{2s(\alpha + 2 + \frac{\mathit{pt}}{2})}}{|1 - \overline{w}z|^{2s(\alpha + 2 + \frac{\mathit{pt}}{2})}}\mathit{dA}_{\alpha}(z)\lesssim 1\text{.}$$From this the lemma follows. □

3. The operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ {#s0015}
======================================================================================================================

First we give the characterization of boundedness. We assume that $\Phi \in \mathfrak{U}^{s}$ such that $\Phi_{p} \in \mathfrak{L}_{r}$. Under this assumption, $A_{\alpha}^{\Phi_{p}}$ is a complete metric space (see, for example, [@b0135]).Theorem 3.1*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Then the following conditions are equivalent:(i)The operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ *is bounded.(ii)Functions* $\varphi$ *and* $\psi$ *satisfy the following conditions:*$$M_{0} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{,}$$$$M_{1} ≔ \sup\limits_{z \in \mathbb{D}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{,}$$$$M_{2} ≔ \sup\limits_{z \in \mathbb{D}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}\left| {\psi(z)\varphi^{\prime}(z)\varphi^{''}(z) + \psi^{\prime}(z)\varphi^{\prime}{(z)}^{2}} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{,}$$*and*$$M_{3} ≔ \sup\limits_{z \in \mathbb{D}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{3}}|\psi(z)||\varphi^{\prime}(z)|^{3}\Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{.}$$*Moreover, if the operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ *is nonzero and bounded, then*$$\|\mathit{DW}_{\varphi\text{,}\psi}\| \simeq 1 + M_{0} + M_{1} + M_{2} + M_{3}\text{.}$$Proof$\left. (i)\Rightarrow(\mathit{ii}) \right.$. Suppose that $(i)$ holds. For $w \in \mathbb{D}$, we choose the function$$f_{1\text{,}\varphi(w)}(z) = c_{0}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p}} + c_{1}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 1} + c_{2}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 2} - \left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 3}\text{,}$$where$$c_{0} = \frac{2(\alpha + 2) + 3p}{2(\alpha + 2)}\text{,}\quad c_{1} = - \frac{6(\alpha + 2) + 9p}{2(\alpha + 2) + p}\text{,}\quad c_{2} = \frac{6(\alpha + 2) + 9p}{2(\alpha + 2) + 2p}\text{.}$$From a direct calculation, we obtain$$f_{1\text{,}\varphi(w)}^{\prime}(\varphi(w)) = f_{1\text{,}\varphi(w)}^{''}(\varphi(w)) = f_{1\text{,}\varphi(w)}^{'''}(\varphi(w)) = 0\text{.}$$Using the function $f_{1\text{,}\varphi(w)}$, we define the function$$f(z) = \Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)f_{1\text{,}\varphi(w)}(z)\text{.}$$Applying [(8)](#e0040){ref-type="disp-formula"} to $f^{\prime}\text{,}\mspace{6mu} f^{''}$ and $f^{'''}$, we find$$f^{\prime}(\varphi(w)) = f^{''}(\varphi(w)) = f^{'''}(\varphi(w)) = 0\text{.}$$It is clear that$$f(\varphi(w)) = C\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)\text{,}$$where$$C = \frac{2(\alpha + 2) + 3p}{2(\alpha + 2)} - \frac{6(\alpha + 2) + 9p}{2(\alpha + 2) + p} + \frac{6(\alpha + 2) + 9p}{2(\alpha + 2) + 2p} - 1\  \neq \ 0\text{.}$$By [Lemma 2.4](#n0075){ref-type="statement"}, $f \in A_{\alpha}^{\Phi_{p}}$ and $\| f\|_{A_{\alpha}^{\Phi_{p}}} \leqslant C$. By [(9), (10)](#e0045 e0050){ref-type="disp-formula"} and the boundedness of $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$,$${(1 - |w|^{2})}^{\beta}|\psi^{'''}(w)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{,}$$which means$$M_{0} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\| < \infty\text{.}$$Next we will prove $M_{1} < \infty$. For this we consider the functions $f(z) = z$ and $f(z) \equiv 1$, respectively. Since the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is bounded, we have$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z) + \psi^{'''}(z)\varphi(z)} \right| \leqslant \|\mathit{DW}_{\varphi\text{,}\psi}z\|_{\mathcal{Z}_{\beta}} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|$$and$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)| \leqslant \|\mathit{DW}_{\varphi\text{,}\psi}1\|_{\mathcal{Z}_{\beta}} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$By [(13), (14)](#e0065 e0070){ref-type="disp-formula"} and the boundedness of $\varphi$,$$J_{1} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right| \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$For $w \in \mathbb{D}$, choose the function$$f_{2\text{,}\varphi(w)}(z) = c_{0}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \overline{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p}} + c_{1}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \overline{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 1} + c_{2}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \overline{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 2} - \left( \frac{1 - |\varphi(w)|^{2}}{1 - \overline{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 3}\text{,}$$where$$c_{1} = \frac{36p{(\alpha + 2)}^{2} + 78p^{2}(\alpha + 2) + 36p^{3}}{\lbrack 4(\alpha + 2) + 2p\rbrack\lbrack 2(\alpha + 2) + 2p\rbrack\lbrack 2(\alpha + 2) + 3p\rbrack}\text{,}$$$$c_{2} = \frac{4{(\alpha + 2)}^{2} + 42p(\alpha + 2) + 36p^{2}}{\lbrack 2(\alpha + 2) + 2p\rbrack\lbrack 4(\alpha + 2) + 6p\rbrack}$$and$$c_{0} = 1 - c_{1} - c_{2}\text{.}$$From a calculation, we obtain$$f_{2\text{,}\varphi(w)}(\varphi(w)) = f_{2\text{,}\varphi(w)}^{''}(\varphi(w)) = f_{2\text{,}\varphi(w)}^{'''}(\varphi(w)) = 0\text{.}$$Define the function$$g(z) = \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)f_{2\text{,}\varphi(w)}(z)\text{.}$$Then by [(16)](#e0080){ref-type="disp-formula"},$$g(\varphi(w)) = g^{''}(\varphi(w)) = g^{'''}(\varphi(w)) = 0$$and by a direct calculation,$$g^{\prime}(\varphi(w)) = C\frac{\overline{\varphi(w)}}{1 - |\varphi(w)|^{2}}\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)\text{,}$$where $C = c_{1} + 2c_{2} - 3$. Also by [Lemma 2.4](#n0075){ref-type="statement"}, $g \in A_{\alpha}^{\Phi_{p}}$ and $\| g\|_{A_{\alpha}^{\Phi_{p}}} \leqslant C$. Since $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is bounded, we have$${(1 - |z|^{2})}^{\beta}|{(\mathit{DW}_{\varphi\text{,}\psi}g)}^{''}(z)| \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{,}$$for all $z \in \mathbb{D}$. By [(17) and (18)](#e0085 e0090){ref-type="disp-formula"}, letting $z = w$ in [(19)](#e0095){ref-type="disp-formula"} gives$$J(w) ≔ \frac{{(1 - |w|^{2})}^{\beta}|\varphi(w)|}{1 - |\varphi(w)|^{2}}\left| {\psi(w)\varphi^{'''}(w) + 3\psi^{\prime}(w)\varphi^{''}(w) + 3\psi^{''}(w)\varphi^{\prime}(w)} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$Hence,$$\sup\limits_{z \in \mathbb{D}}\ J(z) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$For the fixed $\delta \in (0\text{,}1)$, by [(15)](#e0075){ref-type="disp-formula"}$$\sup\limits_{\{ z \in \mathbb{D}:|\varphi(z)| \leqslant \delta\}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) \leqslant \frac{J_{1}}{1 - \delta^{2}}\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - \delta^{2}} \right)^{\alpha + 2} \right) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|$$and by [(21)](#e0105){ref-type="disp-formula"}$$\sup\limits_{\{ z \in \mathbb{D}:|\varphi(z)| > \delta\}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z) + 3\psi^{\prime}(z)\varphi^{''}(z)} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) \leqslant \frac{1}{\delta}\sup\limits_{z \in \mathbb{D}}\ J(z) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$Consequently, it follows from [(22) and (23)](#e0110 e0115){ref-type="disp-formula"} that$$M_{1} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\| < \infty\text{.}$$Now we prove that $M_{2} < \infty$. First taking the function $f(z) = z^{2}$, we have$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}\left| {\psi{(z)}^{'''}(z)\varphi{(z)}^{2} + 6\psi^{''}(z)\varphi^{\prime}(z)\varphi(z) + 6\psi^{\prime}(z)\varphi^{''}(z)\varphi(z) + 6\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + 6\psi(z)\varphi^{\prime}(z)\varphi^{''}(z) + 2\psi(z)\varphi^{'''}(z)\varphi(z)} \right| \leqslant \|\mathit{DW}_{\varphi\text{,}\psi}z^{2}\|_{\mathcal{Z}_{\beta}} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|$$By [(14)](#e0070){ref-type="disp-formula"} and the boundedness of $\varphi$, we obtain$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)||\varphi(z)|^{2} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$From [(15), (25), (26)](#e0075 e0125 e0130){ref-type="disp-formula"} and the boundedness of $\varphi$, it follows that$$J_{2} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)\varphi^{\prime}(z)\varphi^{''}(z) + \psi^{\prime}(z)\varphi^{\prime}{(z)}^{2}| \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$For $w \in \mathbb{D}$, consider the function$$f_{3\text{,}\varphi(w)}(z) = c_{0}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \overline{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p}} + c_{1}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \overline{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 1} + c_{2}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 2} - \left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 3}\text{,}$$where$$c_{0} = \frac{2(\alpha + 2) + p}{2(\alpha + 2) + 2p}\text{,}\quad c_{1} = - \frac{3(\alpha + 2) + 4p}{\alpha + 2 + p}\text{,}\quad c_{2} = \frac{6(\alpha + 2) + 7p}{2(\alpha + 2) + 2p}\text{.}$$For the function $f_{3}$, we have$$f_{3\text{,}\varphi(w)}(\varphi(w)) = f_{3\text{,}\varphi(w)}^{\prime}(\varphi(w)) = f_{3\text{,}\varphi(w)}^{'''}(\varphi(w)) = 0\text{.}$$For the function$$h(z) = \Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)f_{3\text{,}\varphi(w)}(z)\text{,}$$it follows from [(28)](#e0140){ref-type="disp-formula"} that$$h(\varphi(w)) = h^{\prime}(\varphi(w)) = h^{'''}(\varphi(w)) = 0\text{.}$$By [(28) and (29)](#e0140 e0145){ref-type="disp-formula"}, the boundedness of the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ gives$$K(w) ≔ \frac{{(1 - |w|^{2})}^{\beta}|\varphi(w)|^{2}}{{(1 - |\varphi(w)|^{2})}^{2}}\left| {\psi^{\prime}(w)\varphi^{\prime}{(w)}^{2} + \psi(w)\varphi^{\prime}(w)\varphi^{''}(w)} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$This yields$$\sup\limits_{z \in \mathbb{D}}\ K(z) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\| < \infty\text{.}$$For the fixed $\delta \in (0\text{,}1)$, by [(27) and (30)](#e0135 e0150){ref-type="disp-formula"} we respectively obtain$$\sup\limits_{\{ z \in \mathbb{D}:|\varphi(z)| \leqslant \delta\}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}\left| {\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + \psi(z)\varphi^{\prime}(z)\varphi^{''}(z)} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) \leqslant \frac{J_{2}}{{(1 - \delta^{2})}^{2}}\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - \delta^{2}} \right)^{\alpha + 2} \right) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|$$and$$\sup\limits_{\{ z \in \mathbb{D}:|\varphi(z)| > \delta\}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}\left| {\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + \psi(z)\varphi^{\prime}(z)\varphi^{''}(z)} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) \leqslant \frac{1}{\delta^{2}}\sup\limits_{z \in \mathbb{D}}\ K(z) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$So, by [(31) and (32)](#e0155 e0160){ref-type="disp-formula"} we have$$M_{2} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\| < \infty\text{.}$$Finally, we will prove $M_{3} < \infty$. Taking the function $f(z) = z^{3}$, we have$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}\left| {\psi^{'''}(z)\varphi{(z)}^{3} + 9\psi^{''}(z)\varphi^{\prime}(z)\varphi{(z)}^{2} + 18\psi^{\prime}(z)\varphi(z)\varphi^{\prime}{(z)}^{2} + 6\psi(z)\varphi^{\prime}{(z)}^{3} + 18\psi(z)\varphi(z)\varphi^{\prime}(z)\varphi^{''}(z) + 9\psi^{\prime}(z)\varphi^{''}(z)\varphi{(z)}^{2} + 3\psi(z)\varphi{(z)}^{2}\varphi^{'''}(z)} \right| \leqslant \|\mathit{DW}_{\varphi\text{,}\psi}z^{3}\|_{\mathcal{Z}_{\beta}} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$By [(14)](#e0070){ref-type="disp-formula"} and the boundedness of $\varphi$,$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)||\varphi(z)|^{3} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$Then inequalities [(15), (27), (34), (35)](#e0075 e0135 e0170 e0175){ref-type="disp-formula"} and the boundedness of $\varphi$ give$$J_{3} ≔ \sup\limits_{z \in \mathbb{D}}(1 - |z|^{2})|\psi(z)||\varphi^{\prime}(z)|^{3} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$For $w \in \mathbb{D}$, choose the function$$f_{4\text{,}\varphi(w)}(z) = \frac{2(\alpha + 2) + p}{2(\alpha + 2) + 2p}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p}} - \frac{3p}{2(\alpha + 2)}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 1} - \frac{6(\alpha + 2) - 3p}{4(\alpha + 2)}\left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 2} + \left( \frac{1 - |\varphi(w)|^{2}}{1 - \bar{\varphi(w)}z} \right)^{\frac{2(\alpha + 2)}{p} + 3}\text{.}$$Then$$f_{4\text{,}\varphi(w)}(\varphi(w)) = f_{4\text{,}\varphi(w)}^{\prime}(\varphi(w)) = f_{4\text{,}\varphi(w)}^{''}(\varphi(w)) = 0\text{.}$$For the function$$k(z) = \Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)f_{4\text{,}\varphi(w)}(z)\text{,}$$by [(37)](#e0185){ref-type="disp-formula"},$$k(\varphi(w)) = k^{\prime}(\varphi(w)) = k^{''}(\varphi(w)) = 0$$and by a calculation,$$k^{'''}(\varphi(w)) = C\frac{{\bar{\varphi(w)}}^{3}}{{(1 - |\varphi(w)|^{2})}^{3}}\Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right)\text{,}$$where$$C = - \frac{24\alpha + 120\alpha + 141}{3\alpha + 10}\text{.}$$Thus, by [(38), (39)](#e0190 e0195){ref-type="disp-formula"} and the boundedness of $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$,$$\frac{{(1 - |w|^{2})}^{\beta}}{{(1 - |\varphi(w)|^{2})}^{3}}|\varphi(w)|^{3}|\varphi^{\prime}(w)|^{3}|\psi(w)|\Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(w)|^{2}} \right)^{\alpha + 2} \right) \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$Under the above facts, we can prove$$M_{3} \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\| < \infty\text{,}$$as the proofs of $M_{1} < \infty$ and $M_{2} < \infty$. Here we omit it.$\left. (\mathit{ii})\Rightarrow(i) \right.$. By [Lemmas 2.2 and 2.3](#n0065 n0070){ref-type="statement"}, for all $f \in A_{\alpha}^{\Phi_{p}}$ we have$$\|\mathit{DW}_{\varphi\text{,}\psi}f\|_{\mathcal{Z}_{\beta}} = |{(\psi \cdot f \circ \varphi)}^{\prime}(0)| + |{(\psi \cdot f \circ \varphi)}^{''}(0)| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|{(\psi \cdot f \circ \varphi)}^{'''}(z)| \leqslant |{(\psi \cdot f \circ \varphi)}^{\prime}(0)| + |{(\psi \cdot f \circ \varphi)}^{''}(0)| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)||f(\varphi(z))| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)||f^{\prime}(\varphi(z))| + 3\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + \psi(z)\varphi^{\prime}(z)\varphi^{''}(z)||f^{''}(\varphi(z))| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)|^{3}|f^{'''}(\varphi(z))| \leqslant C\left( {1 + M_{0} + M_{1} + M_{2} + M_{3}} \right)\| f\|_{A_{\alpha}^{\Phi_{p}}}\text{.}$$From condition $(\mathit{ii})$ and [(41)](#e0205){ref-type="disp-formula"}, it follows that $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is bounded.Suppose that the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is nonzero and bounded. Then from the preceding inequalities [(12), (24), (33) and (40)](#e0060 e0120 e0165 e0200){ref-type="disp-formula"}, we obtain$$M_{0} + M_{1} + M_{2} + M_{3}\lesssim\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$Since the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is nonzero, we have $\|\mathit{DW}_{\varphi\text{,}\psi}\| > 0$. From this, we can find a positive constant *C* such that $1 \leqslant C\|\mathit{DW}_{\varphi\text{,}\psi}\|$. This means that$$1\lesssim\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$Hence, combining [(42) and (43)](#e0210 e0215){ref-type="disp-formula"} gives$$1 + M_{0} + M_{1} + M_{2} + M_{3}\lesssim\|\mathit{DW}_{\varphi\text{,}\psi}\|\text{.}$$From [(41)](#e0205){ref-type="disp-formula"}, it is clear that$$\|\mathit{DW}_{\varphi\text{,}\psi}\|\lesssim 1 + M_{0} + M_{1} + M_{2} + M_{3}\text{.}$$So, from [(44) and (45)](#e0220 e0225){ref-type="disp-formula"}, we obtain the asymptotic expression of $\|\mathit{DW}_{\varphi\text{,}\psi}\|$. The proof is finished.  □Remark 3.1If $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is a zero operator, then is obviously $\|\mathit{DW}_{\varphi\text{,}\psi}\| = 0$. Hence, the case is usually excluded from such considerations.

Now we characterize the compactness of operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$.Theorem 3.2*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Then the following conditions are equivalent:(i)The operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ *is compact.(ii)Functions* $\varphi$ *and* $\psi$ *are such that* $\psi^{\prime} \in \mathcal{Z}_{\beta}$*,*$$J_{1} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)| < \infty\text{,}$$$$J_{2} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)\varphi^{\prime}(z)\varphi^{''}(z) + \psi^{\prime}(z)\varphi^{\prime}{(z)}^{2}| < \infty\text{,}$$$$J_{3} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)|^{3} < \infty\text{,}$$$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0\text{,}$$$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}|\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)|\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0\text{,}$$$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}|\psi(z)\varphi^{\prime}(z)\varphi^{''}(z) + \psi^{\prime}(z)\varphi^{\prime}{(z)}^{2}|\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0$$*and*$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{3}}|\psi(z)||\varphi^{\prime}(z)|^{3}\Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0\text{.}$$Proof$\left. (i)\Rightarrow(\mathit{ii}) \right.$. Suppose that $(i)$ holds. Then the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is bounded. In the proof of [Theorem 3.1](#n0030){ref-type="statement"}, we have obtained that $\psi^{\prime} \in \mathcal{Z}_{\beta}$ and $J_{1}\text{,}\mspace{6mu} J_{2}\text{,}\mspace{6mu} J_{3} < \infty$.Next consider a sequence ${\{\varphi(z_{n})\}}_{n \in \mathbb{N}}$ in $\mathbb{D}$ such that $\left. |\varphi(z_{n})|\rightarrow 1^{-} \right.$ as $\left. n\rightarrow\infty \right.$. If such sequence does not exist, then condition $(\mathit{ii})$ obviously holds. Using this sequence, we define the functions$$f_{n}(z) = \Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right)f_{1\text{,}\varphi(z_{n})}(z)\text{.}$$By [Lemma 2.4](#n0075){ref-type="statement"}, we know that the sequence ${\{ f_{n}\}}_{n \in \mathbb{N}}$ is uniformly bounded in $A_{\alpha}^{\Phi_{p}}$. From the proof of Theorem 3.6 in [@b0135], it follows that the sequence ${\{ f_{n}\}}_{n \in \mathbb{N}}$ uniformly converges to zero on any compact subset of $\mathbb{D}$ as $\left. n\rightarrow\infty \right.$. Hence by [Lemma 2.1](#n0060){ref-type="statement"},$$\lim\limits_{n\rightarrow\infty}\|\mathit{DW}_{\varphi\text{,}\psi}f_{n}\|_{\mathcal{Z}_{\beta}} = 0\text{.}$$From this, [(9) and (10)](#e0045 e0050){ref-type="disp-formula"}, we have$$\lim\limits_{n\rightarrow\infty}{(1 - |z_{n}|^{2})}^{\beta}|\psi^{'''}(z_{n})|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right) = 0\text{.}$$By using the sequence of functions$$g_{n}(z) = \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right)f_{2\text{,}\varphi(z_{n})}(z)\text{,}$$similar to the above, we obtain$$\lim\limits_{n\rightarrow\infty}\frac{{(1 - |z_{n}|^{2})}^{\beta}}{1 - |\varphi(z_{n})|^{2}}\left| {\psi(z_{n})\varphi^{'''}(z_{n}) + 3\psi^{\prime}(z_{n})\varphi^{''}(z_{n}) + 3\psi^{''}(z_{n})\varphi^{\prime}(z_{n})} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right) = 0\text{.}$$Also, by using sequences of functions$$h_{n}(z) = \Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right)f_{3\text{,}\varphi(z_{n})}(z)$$and$$k_{n}(z) = \Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right)f_{4\text{,}\varphi(z_{n})}(z)\text{,}$$respectively, we obtain$$\lim\limits_{n\rightarrow\infty}\frac{{(1 - |z_{n}|^{2})}^{\beta}}{{(1 - |\varphi(z_{n})|^{2})}^{2}}\left| {\psi(z_{n})\varphi^{\prime}(z_{n})\varphi^{''}(z_{n}) + \psi^{\prime}(z_{n})\varphi^{\prime}{(z_{n})}^{2}} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right) = 0$$and$$\lim\limits_{n\rightarrow\infty}\frac{{(1 - |z_{n}|^{2})}^{\beta}}{{(1 - |\varphi(z_{n})|^{2})}^{2}}|\psi(z_{n})||\varphi^{\prime}(z_{n})|^{3}\Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(z_{n})|^{2}} \right)^{\alpha + 2} \right) = 0\text{,}$$respectively. The proof of the implication is finished.$\left. (\mathit{ii})\Rightarrow(i) \right.$. We first check that $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is bounded. For this we observe that condition $(\mathit{ii})$ implies that for every $\varepsilon > 0$, there is an $\eta \in (0\text{,}1)$ such that$$L_{1}(z) ≔ {(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \varepsilon\text{,}$$$$L_{2}(z) ≔ \frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \varepsilon\text{,}$$$$L_{3}(z) ≔ \frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}\left| {\psi(z)\varphi^{\prime}(z)\varphi^{''}(z) + \psi^{\prime}(z)\varphi^{\prime}{(z)}^{2}} \right| \times \Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \varepsilon$$and$$L_{4}(z) ≔ \frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}|\psi(z)||\varphi^{\prime}(z)|^{3}\Phi_{p}^{- 1}\left( \left( \frac{D_{3}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \varepsilon$$for any $z \in K = \{ z \in \mathbb{D}:|\varphi(z)| > \eta\}$. Then since $\psi^{\prime} \in \mathcal{Z}_{\beta}$ and by [(46)](#e0230){ref-type="disp-formula"}, we have$$M_{0} = \sup\limits_{z \in \mathbb{D}}\ L_{1}(z) \leqslant \sup\limits_{z \in \mathbb{D}⧹K}\ L_{1}(z) + \sup\limits_{z \in K}\ L_{1}(z) \leqslant \|\psi^{\prime}\|_{\mathcal{Z}_{\beta}}\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - \eta^{2}} \right)^{\alpha + 2} \right) + \varepsilon\text{.}$$By [(47)](#e0235){ref-type="disp-formula"} and $J_{1} < \infty$, we obtain$$M_{1} = \sup\limits_{z \in \mathbb{D}}\ L_{2}(z) \leqslant \sup\limits_{z \in \mathbb{D}⧹K}\ L_{2}(z) + \sup\limits_{z \in K}\ L_{2}(z) \leqslant \frac{J_{1}}{1 - \eta^{2}}\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - \eta^{2}} \right)^{\alpha + 2} \right) + \varepsilon\text{.}$$By [(48)](#e0240){ref-type="disp-formula"} and $J_{2} < \infty$ (resp., [(49)](#e0245){ref-type="disp-formula"} and $J_{3} < \infty$), it follows that $M_{2} < \infty$ (resp., $M_{3} < \infty$). So by [Theorem 3.1](#n0030){ref-type="statement"}, $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is bounded.To prove that the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is compact, by [Lemma 2.1](#n0060){ref-type="statement"}, we just need to prove that, if ${\{ f_{n}\}}_{n \in \mathbb{N}}$ is a sequence in $A_{\alpha}^{\Phi_{p}}$ such that $\| f_{n}\|_{A_{\alpha}^{\Phi_{p}}} \leqslant M$ and $\left. f_{n}\rightarrow 0 \right.$ uniformly on any compact subset of $\mathbb{D}$ as $\left. n\rightarrow\infty \right.$, then$$\lim\limits_{n\rightarrow\infty}\|\mathit{DW}_{\varphi\text{,}\psi}f_{n}\|_{\mathcal{Z}_{\beta}} = 0\text{.}$$For any $\varepsilon > 0$ and the above $\eta$, we have, by using again the condition $(\mathit{ii})$, [Lemmas 2.2 and 2.3](#n0065 n0070){ref-type="statement"},$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\mathit{DW}_{\varphi\text{,}\psi}f_{n}(z)| = \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|{(\psi \cdot f_{n} \circ \varphi)}^{'''}(z)| \leqslant \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)||f_{n}(\varphi(z))| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right||f_{n}^{\prime}(\varphi(z))| + 3\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}\left| {\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + \psi(z)\varphi^{\prime}(z)\varphi^{''}(z)} \right||f_{n}^{''}(\varphi(z))| + \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)|^{3}|f_{n}^{'''}(\varphi(z))| \leqslant \sup\limits_{z \in \mathbb{D}⧹K}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)||f_{n}(\varphi(z))| + \sup\limits_{z \in K}{(1 - |z|^{2})}^{\beta}|\psi^{'''}(z)||f_{n}(\varphi(z))| + \sup\limits_{z \in \mathbb{D}⧹K}{(1 - |z|^{2})}^{\beta}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right||f_{n}^{\prime}(\varphi(z))| + \sup\limits_{z \in K}{(1 - |z|^{2})}^{\beta}\left| {\psi(z)\varphi^{'''}(z) + 3\psi^{\prime}(z)\varphi^{''}(z) + 3\psi^{''}(z)\varphi^{\prime}(z)} \right||f_{n}^{\prime}(\varphi(z))| + 3\sup\limits_{z \in \mathbb{D}⧹K}{(1 - |z|^{2})}^{\beta}\left| {\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + \psi(z)\varphi^{\prime}(z)\varphi^{''}(z)} \right||f_{n}^{''}(\varphi(z))| + 3\sup\limits_{z \in K}{(1 - |z|^{2})}^{\beta}\left| {\psi^{\prime}(z)\varphi^{\prime}{(z)}^{2} + \psi(z)\varphi^{\prime}(z)\varphi^{''}(z)} \right||f_{n}^{''}(\varphi(z))| + \sup\limits_{z \in \mathbb{D}⧹K}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)|^{3}|f_{n}^{'''}(\varphi(z))| + \sup\limits_{z \in K}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)|^{3}|f_{n}^{'''}(\varphi(z))| \leqslant K_{n} + M\ \sup\limits_{z \in K}\ L_{1}(z) + M\sup\limits_{z \in K}L_{2}(z) + 3M\sup\limits_{z \in K}L_{3}(z) + M\ \sup\limits_{z \in K}\ L_{4}(z) \leqslant K_{n} + 6M\varepsilon\text{,}$$where$$K_{n} = \|\psi^{\prime}\|_{\mathcal{Z}_{\beta}}\sup\limits_{\{ z:|z| \leqslant \eta\}}|f_{n}(z)| + 3\sum\limits_{i = 1}^{3}J_{i}\sup\limits_{\{ z:|z| \leqslant \eta\}}|f_{n}^{(i)}(z)|\text{.}$$Hence$$\|\mathit{DW}_{\varphi\text{,}\psi}f_{n}\|_{\mathcal{Z}_{\beta}} \leqslant K_{n} + 6M\varepsilon + |{(\psi \cdot f_{n} \circ \varphi)}^{\prime}(0)| + |{(\psi \cdot f_{n} \circ \varphi)}^{''}(0)| = K_{n} + 6M\varepsilon + |\psi^{\prime}(0)f_{n}(\varphi(0)) + \psi(0)f_{n}^{\prime}(\varphi(0))\varphi^{\prime}(0)| + \left| {\psi^{''}(0)f_{n}(\varphi(0)) + 2\psi^{\prime}(0)f_{n}^{\prime}(\varphi(0))\varphi^{\prime}(0) + \psi(0)f_{n}^{''}(\varphi(0))\varphi^{\prime}{(0)}^{2} + \psi(0)f_{n}^{\prime}(\varphi(0))\varphi^{''}(0)} \right|\text{.}$$It is easy to see that, when ${\{ f_{n}\}}_{n \in \mathbb{N}}$ uniformly converges to zero on any compact subset of $\mathbb{D}\text{,}\mspace{6mu}{\{ f_{n}^{\prime}\}}_{n \in \mathbb{N}}\text{,}\mspace{6mu}{\{ f_{n}^{''}\}}_{n \in \mathbb{N}}$ and ${\{ f_{n}^{'''}\}}_{n \in \mathbb{N}}$ also do as $\left. n\rightarrow\infty \right.$. From this, we obtain $\left. K_{n}\rightarrow 0 \right.$ as $\left. n\rightarrow\infty \right.$. Since $\{ z:|z| \leqslant \eta\}$ and $\{\varphi(0)\}$ are compact subsets of $\mathbb{D}$, letting $\left. n\rightarrow\infty \right.$ in [(50)](#e0250){ref-type="disp-formula"} gives$$\lim\limits_{n\rightarrow\infty}\|\mathit{DW}_{\varphi\text{,}\psi}f_{n}\|_{\mathcal{Z}_{\beta}} = 0\text{.}$$From [Lemma 2.1](#n0060){ref-type="statement"}, it follows that the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{Z}_{\beta} \right.$ is compact. The proof is finished.  □

4. The operators $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$ and $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{B}_{\beta} \right.$ {#s0020}
==================================================================================================================================================================================================================================

In this section, we state the results of boundedness and compactness of operators $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$ and $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{B}_{\beta} \right.$. Since the proofs are similar to [Theorems 3.1 and 3.2](#n0030 n0035){ref-type="statement"}, we omit them.

First we consider the boundedness of operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$.Theorem 4.1*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Then the following conditions are equivalent:(i)The operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$ *is bounded.(ii)Functions* $\varphi$ *and* $\psi$ *satisfy the following conditions:*$$m_{0} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{\prime}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty$$*and*$$m_{1} ≔ \sup\limits_{z \in \mathbb{D}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}|\psi(z)||\varphi^{\prime}(z)|\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{.}$$*Moreover, if the operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$ *is nonzero and bounded, then*$$\|\mathit{DW}_{\varphi\text{,}\psi}\| \simeq 1 + m_{0} + m_{1}\text{.}$$

For the compactness of operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$, we haveTheorem 4.2*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Then the following conditions are equivalent:(i)The operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{A}_{\beta} \right.$ *is compact.(ii)Functions* $\varphi$ *and* $\psi$ *are such that* $\psi^{\prime} \in \mathcal{A}_{\beta}$*,*$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{\prime}(z)| < \infty\text{,}$$$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)| < \infty\text{,}$$$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}{(1 - |z|^{2})}^{\beta}|\psi^{\prime}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0$$*and*$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}|\psi(z)||\varphi^{\prime}(z)|\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0\text{.}$$

Finally, we consider the operator $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{B}_{\beta} \right.$.Theorem 4.3*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Then the following conditions are equivalent:(i)The operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{B}_{\beta} \right.$ *is bounded.(ii)Functions* $\varphi$ *and* $\psi$ *satisfy the following conditions:*$$l_{0} ≔ \sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi^{''}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{,}$$$$l_{1} ≔ \sup\limits_{z \in \mathbb{D}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}\left| {\psi(z)\varphi^{''}(z) + 2\psi^{\prime}(z)\varphi^{\prime}(z)} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty$$*and*$$l_{2} ≔ \sup\limits_{z \in \mathbb{D}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}|\psi(z)||\varphi^{\prime}(z)|^{2}\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) < \infty\text{.}$$*Moreover, if the operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{B}_{\beta} \right.$ *is nonzero and bounded, then*$$\|\mathit{DW}_{\varphi\text{,}\psi}\| \simeq 1 + l_{0} + l_{1} + l_{2}\text{.}$$Theorem 4.4*Let* $p \geqslant 1\text{,}\mspace{6mu}\alpha > - 1$*,* $\beta > 0$ *and* $\Phi \in \mathfrak{U}^{s}$ *such that* $\Phi_{p} \in \mathfrak{L}_{r}$*. Then the following conditions are equivalent:(i)The operator* $\left. \mathit{DW}_{\varphi\text{,}\psi}:A_{\alpha}^{\Phi_{p}}\rightarrow\mathcal{B}_{\beta} \right.$ *is compact.(ii)Functions* $\varphi$ *and* $\psi$ *are such that* $\psi^{\prime} \in \mathcal{B}_{\beta}$*,*$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)\varphi^{''}(z) + 2\psi^{\prime}(z)\varphi^{\prime}(z)| < \infty\text{,}$$$$\sup\limits_{z \in \mathbb{D}}{(1 - |z|^{2})}^{\beta}|\psi(z)||\varphi^{\prime}(z)|^{2} < \infty\text{,}$$$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}{(1 - |z|^{2})}^{\beta}|\psi^{''}(z)|\Phi_{p}^{- 1}\left( \left( \frac{4}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0\text{,}$$$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}\frac{{(1 - |z|^{2})}^{\beta}}{1 - |\varphi(z)|^{2}}\left| {\psi(z)\varphi^{''}(z) + 2\psi^{\prime}(z)\varphi^{\prime}(z)} \right|\Phi_{p}^{- 1}\left( \left( \frac{D_{1}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0$$*and*$$\lim\limits_{|\varphi(z)|\rightarrow 1^{-}}\frac{{(1 - |z|^{2})}^{\beta}}{{(1 - |\varphi(z)|^{2})}^{2}}|\psi(z)||\varphi^{\prime}(z)|^{2}\Phi_{p}^{- 1}\left( \left( \frac{D_{2}}{1 - |\varphi(z)|^{2}} \right)^{\alpha + 2} \right) = 0\text{.}$$
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